This paper considers two-dimensional periodic gravity-capillary waves propagating steadily in finite depth on a linear shear current (constant vorticity). A perturbation series solution for steady periodic waves, accurate up to the third order, is derived using a classical Stokes expansion procedure, which allows us to include surface tension effects in the analysis of wave-current interactions in the presence of constant vorticity. The analytical results are then compared with numerical computations with the full equations. The main results are (i) the phase velocity is strongly dependent on the value of the vorticity; (ii) the singularities (Wilton singularities) in the Stokes expansion in powers of wave amplitude that correspond to a Bond number of 1/2 and 1/3, which are the consequences of the non-uniformity in the ordering of the Fourier coefficients, are found to be influenced by vorticity; (iii) different surface profiles of capillary-gravity waves are computed and the effect of vorticity on those profiles is shown to be important, in particular that the solutions exhibit type-2-like wave features, characterized by a secondary maximum on the surface profile with a trough between the two maxima.
Introduction
In recent years, there has been a renewed interest in surface water waves with vorticity over finite depth, the primary motivation being the need for better models to describe the effects of ambient currents on the propagation of waves. In particular, pure mathematicians have considerably revisited the theory of rotational water waves for both steady and unsteady cases. See the book by Constantin [1] and references therein for a survey of the recent theoretical results. Also, earlier investigations of wave-current interactions, including the problem of finite amplitude steady waves with vorticity, are well documented in the general reviews by Peregrine [2] , Jonsson [3] and Thomas & Klopman [4] .
A brief review of this literature shows that the study of surface waves dynamics on a vertically varying current has attracted much less attention than that on a horizontally varying current. In the latter case, where the background flow is allowed to vary slowly in the horizontal directions, much attention has been given to the effects of nonlinearity of the waves on the wavecurrent interactions, namely on the corresponding slow modulations of the wave amplitudes and wavenumbers. Modern theories on this problem were initiated by Longuet-Higgins & Stewart [5] and Whitham [6] , in which the concept of radiation stress was introduced and the wave action conservation equation was established first for irrotational flows. Extensions of the theories from irrotational currents to rotational ones have been made by Jonsson et al. [7] in a two-dimensional analysis, and by Stiassnie & Peregrine [8] for three-dimensional wave-current fields with large scale, but vertical, vorticity. On the other hand, with shear currents beneath the free surface, the vorticity vector has non-zero horizontal components. As a consequence, the theoretical description of wave-current interactions becomes much more complex, even in the linear case and, in particular, when nonlinear effects become important and for strongly sheared currents.
In this study, we focus on two-dimensional, periodic water waves travelling steadily over a homogeneous fluid of finite depth and having a constant vorticity distribution. This choice of vorticity distribution is more realistic than the assumption of irrotational flow, and also the simplest way to incorporate vorticity in studies of water waves. It is worth pointing out that in the case of constant vorticity, the wave field below the wave is necessarily two-dimensional [9, 10] . In fact, an unperturbed linear shear current (constant vorticity) has been assumed in a vast majority of analytical studies on rotational flows with steady water waves, this hypothesis being physically reasonable as well as giving a tractable analytical framework to work with. Thirdorder analytic solutions for pure gravity waves on linear shear currents were developed by Tsao [11] , Kishida & Sobey [12] and Thomas [13] . In the case of a two-layer fluid, with a linear shear profile in the upper layer, similar approximations were obtained by Brevik [14] for pure gravity waves in deep water, and by Brantenberg & Brevik [15] for capillary-gravity waves in finite depth, but restricting to counterflowing current in the upper layer. In the long wave regime, Benjamin [16] developed a weakly nonlinear theory for steady solitary waves in the Kortewegde Vries's approximation, while Miroshnikov [17] and Choi [18] studied analytically strongly nonlinear solitary wave solutions with constant vorticity using a Green-Naghdi approximation. With a Lagrangian approach, Hsu and co-workers [19, 20] and Chen et al. [21] have derived thirdorder asymptotic solution for particle trajectories in periodic waves on a linear shear current. For surface tension effects, within the framework of the linear theory, Henry [22] analysed the particle trajectories for gravity-capillary waves.
Large amplitude steady gravity waves with constant vorticity have been considered numerically in a fair number of works [23] [24] [25] [26] [27] [28] . New phenomena resulting from the wave-current interactions have been found, for instance the occurrence of critical layers via the appearance of stagnation points in the flow. In Wahlén [29] , the appearance of such critical layers is discussed, and in Constantin & Varvaruca [30] the case of constant vorticity is investigated. Inclusion of surface tension effects in rotational flows with constant vorticity has been considered by , but the focus was more on pure solitary waves and the so-called generalized solitary waves that are characterized by oscillatory tails in the far field. Most recently, periodic waves were studied in Martin & Matioc [32] , Martin [33] , and in the same vein the unsteady dynamics of capillary-gravity solitary waves has been considered numerically by Guo et al. [34] , using the same time-dependent conformal mapping technique introduced by Choi [28] for pure gravity waves on a background linear shear.
The purpose of this paper is to develop a weakly nonlinear theory for periodic capillarygravity waves on finite depth with constant vorticity, but without dissipation and disregarding the mechanisms by which these waves were created in the first place. The paper is organized as follows: the framework for the problem is formulated in §1. Analytical solutions are presented in §2, where we derive a third-order theory for periodic waves under the assumption that the steepness of the waves is small. The analysis generalizes the work of Kishida & Sobey [12] and Thomas [13] by including the surface tension, which allows the study of vorticity effects on capillary-gravity waves. In §3, we present numerical results computed from the present analysis, as well as a comparison with exact numerical computations of pure gravity waves on a linear shear current and irrotational capillary-gravity waves. The third-order approximation is also used to illustrate the effects of both co-and counter-flowing currents (respectively, a prescribed current in the same and opposite direction of the wave propagation) on the wave profiles.
Formulation
In this study, we consider a weakly nonlinear, capillary-gravity wave train propagating steadily on an undisturbed shear current that varies linearly in the vertical distributionỹ. The tildes denote dimensional quantities. The wave train moves along thex-axis. Theỹ-axis is oriented upward and gravity downward. The unit vectors along Ox and Oy are e x and e y , respectively. The depth is constant and the bottom is located atỹ = −h.
As is well known for incompressible, two-dimensional flows of inviscid fluids with constant vorticity, the velocity field induced by any two-dimensional perturbations of the undisturbed flow must be irrotational from conservation of vorticity. Hence, when we letΩ be the magnitude of the shear, it can be shown that there exists a potentialφ(x,ỹ,t) such that the (total) velocity vector readsṽ =Ω(ỹ +h)e x + Vφ(x,ỹ,t).
The variablet is the time and −Ω is the bulk vorticity, which can be either positive (wave propagating upstream) or negative (wave propagating downstream) as illustrated in figure 1. We will adopt dimensionless quantities from then on, without a tilde. To do this, we choose the following scalings for the variables of space, time, potential, pressure and speed
where g is the acceleration due to gravity, k is the wavenumber and ρ is the fluid density. This choice of scalings yields four dimensionless independent parameters for the problem, namely
whereT is the surface tension andã the wave amplitude. which implies, using the incompressibility condition V · v = 0, that the velocity potential satisfies the Laplace equation
where ζ is the non-dimensional free surface elevation associated with the wave motion. With this decomposition the Euler equations can be written as
where ω = −Ωe z is the vorticity vector, e z = e x ∧ e y . Recalling the Cauchy-Riemann relations between the velocity potential and its harmonic conjugate, the stream function ψ,
we can express v ∧ ω as follows:
and equation (2.4) becomes
This equation can be integrated to give the Bernoulli equation
where f (t) is an arbitrary function of time. In the presence of surface tension, the pressure is discontinuous at the free surface. Taking into account the discontinuity, (2.8) can be expressed at the free surface in the form at the free surface and at the bottom can be written
respectively. It is convenient to re-formulate the governing equations in a frame of reference moving horizontally with the non-dimensional wave speed c. By introducing the change of variables 
and the boundary conditions become
14)
and 16) where
To solve equations (2.13)-(2.16) we apply a Stokes expansion procedure, in which the unknown functions of surface elevation and velocity potential, the Bernoulli's constant K and the wave speed C are considered in the form
where the expansion parameter, ε = ka, represents the wave steepness of the free surface. C and K do not depend explicitly on ε in the linear problem, hence the leading-order term is n = 0. Φ and H do depend on the ε through the wave amplitude in the linear problem, hence the leading-order term is n = 1 that will match a factor ε. Substituting expansions (2.17) in the system (2.13)-(2.16) and equating the coefficients of equal powers of ε, we obtain linear approximations explicitly for successive orders of the nonlinear problem. It is noted here that although the coefficients K n are of no importance for the velocities and the surface elevation, they do influence the pressure predictions according to equation (2.8) and the definition of K.
Approximate solutions
In this section, we consider the successive orders of approximation explicitly. The convergence problem of the successive approximations has been settled in Constantin & Escher [35] and Henry [36] . A third-order solution is obtained for steady, weakly nonlinear, capillary-gravity waves on a linear shear current in finite depth. 
(a) First-order solution
To the first order in ε, the governing equation and boundary conditions are
and
From the first-order Laplace equation (3.1) and considering the bottom condition (3.4), we get an expression for the potential, and we search for periodic solutions of the free surface, so we have
where ε = kã 1 andã 1 is the wave amplitude. By substituting equations (3.5) and (3.6) into the boundary conditions (3.2) and (3.3), we obtain the coefficients A 1 = C 0 ε/σ , K 1 = 0 and the linear dispersion equation, which can be written as
where σ = tanh(μ). By returning to dimensional variables, it can be shown that equation (3.7) is the same as that presented by Kang & Vanden-Broeck [31] . It is also noted that without surface tension (κ = 0) and in the limit kh → ∞, equation (3.7) reduces to that derived by Simmen & Saffman [24] .
In the following sections, we will extend the linear solution to the nonlinear regime by calculating the higher-order terms in ε up to the third order, which is a novelty in this paper.
(b) Second-order solution
To the second order in ε, we have the following sequence of equations
Terms depending on η appearing in the equations at the boundary η = 0, as H 1 Φ 1ηη , are obtained by Taylor expansion of the derivatives as (3.12) and the expansion is done in H as to retain terms of the order that we are working on, and the problem is now expressed at the moving boundary. According to equations (3. 
where A 2 and a 2 are to be determined, as well as the constants C 1 and K 2 . Substituting equations (3.13) and (3.14) and the first-order solution into equations (3.9) and (3.10), we find the following expressions for these coefficients
where we have introduced X = σ Ω/C 0 and B = κ/σ C 2 0 . Without surface tension κ = 0, equations (3.15)-(3.18) are in full agreement with those of Thomas [13] and, in the limit kh → ∞, they are identical to the results of Simmen & Saffman [24] .
For gravity-capillary waves, it is found from equation (3.15 ) that the first non-vanishing correction to the phase velocity function C is at least of the second order in ε. However, this second-order correction is unknown in this approximation and, as is well known, we have to go to the higher order to determine it [37] .
From equation (3.16) for the Bernoulli constant, it is seen that surface tension effects occur only via the linear dispersion relation and does not affect the sign of K 2 , which contrasts with the strong influence of vorticity, K 2 being an increasing function of X. By rewriting equation (3.7) as 19) we see that X > −1, and that K 2 may become negative for sufficiently large shear in waves propagating upstream (Ω < 0), namely when X ≤ σ − 1 < 0. Similar to the behaviour of K 2 , it is found that a 2 and A 2 can cancel for specific negative values of X (positive vorticity). According to equation (3.17) , the surface elevation of gravity-capillary waves is sinusoidal to second order when
This result is in agreement with the infinite depth result, X = −2 + √ 2 as reported first by Peregrine [2] for pure gravity waves on a linear shear current. It is seen that this specific value of positive vorticity is not affected by surface tension effects. According to equation (3.18), the velocities can also be sinusoidal, but for different specific values of X that are dependent on the capillary number κ, in contrast with what occurs with a 2 , as well as on the dimensionless depth μ. Their analytical expressions are not reported here.
With the results obtained so far, we can compute surface profiles, velocities and pressure fields up to the second order of approximation, but except at and near a singular capillary wavenumber κ 1 for which the perturbation scheme breaks down. This critical value can be found from the relation 1 − 3B = 0, which may be shown to give
after using the dispersion relation equation (3.19) . Without vorticity, Ω = 0 and X = 0, the above relation yields In general, however, equation (3.21) constitutes an implicit relation for κ 1 , which must therefore be found iteratively for given values of μ and Ω. Despite this, equation (3.21) clearly indicates that the vorticity has an influence over κ 1 , in addition to the bottom effects. In §4, figure 2a shows clearly that the influence of Ω is strong.
As we shall see in §4, the critical wavenumber κ 1 decreases as the shear increases in waves propagating downstream (Ω > 0), and the influence of capillarity is eventually lost. At sufficiently large positive values of Ω, the present second-order approximation is found to be valid over a large range of wavenumbers, including capillary and capillary-gravity waves, namely κ ≥ 0.06, which corresponds to wavelengths in water less than 7 cm. Conversely, for waves propagating upstream (Ω < 0), κ 1 increases as the vorticity increases and surface tension effects are expected to become important.
(c) Third-order solution
To the third order in ε, we have the following sequence of equations
Following the same procedure outlined in §3b, we can solve the above equations by seeking solutions in the form These expressions are analogous to the first-and second-order expressions, apart from the fact that we have included both cos ξ terms and cos 3ξ terms, in order to satisfy the governing equations. By substituting equations (3.26) and (3.27) as well as the first and second order solutions into equations (3.23) and (3.24), we obtain after tedious algebra the following results: 
for the velocity potential and the surface elevation, and
for the second-order correction of the wave speed. We have checked that for irrotational pure gravity waves, Ω = 0 and κ = 0, the present results are in agreement with the third-order solution of Fenton [39] . In that case, we get 33) which is the same as Fenton's solution
When only κ = 0, we have also checked that a 2 and a 33 in the above solution are identical with the analytical results of Kishida & Sobey [12] , after adaptation to our notation. This constitutes a partial verification of the present results, given that they used a streamfunction formulation which yields very different analytical expressions for these coefficients, notwithstanding the differences in notation. Hence, by including the effects of surface tension, the present work generalizes that of Kishida & Sobey [12] for pure gravity waves in the presence of vorticity. At this order of approximation, the first non-vanishing nonlinear correction of the phase velocity is given by equation (3.32) , which is one of the main results of the present work and has not been derived previously, to the best of the authors' knowledge. As with the second-order coefficients, it is expected that specific values of κ, Ω and μ can cancel the third-order coefficients for surface profile and velocities. In view of the algebraic complexity of equations (3.28)-(3.32) this has not been investigated analytically in this study, although we have found numerically evidences that this occurs as we shall see in §4. With these results, we can now compute surface elevation and velocities up to the thirdorder of approximation, but the determination of the pressure distribution requires to find the expression for K 3 , which needs, in turn, to be determined from the fourth-order solution. This has not been done in this paper and the value of K 3 remains undetermined.
More importantly, the third-order approximation is found to also break down at and near a second critical value κ 2 such that 1 − (3 + σ 2 )B = 0, in addition to κ 1 . This last relation can be transformed to give
Without vorticity Ω = 0, and the above relation gives the value κ 2 = σ 2 /3, which is in full agreement with the result of Barakat & Houston [38] . In fact, for irrotational gravity capillary waves on finite depth, Barakat & Houston [38] showed that, in general, the nth approximation in the perturbation scheme fails at the critical wavenumbers
Hence equation (3.21) and (3.35) represent the extensions of equation (3.36), with n = 2 and 3, in the presence of constant vorticity. As shown by equation (3.35) , the vorticity has also an influence on κ 2 which is shown to be important in figure 2b . In order to illustrate the influence of depth and vorticity on the critical wavenumbers κ 1 and κ 2 , numerical calculations were performed for water (T = 0.074 N m −1 and ρ = 1000 kg m −3 ) by using a root finding procedure for equations (3.21) and (3.35) . The results are shown in figure 2 for various values of Ω, as a function of the dimensionless depth k mh , where k m = ρg/T andh is the dimensional depth.
Considering that for any ordinary depth, exceeding a few centimetres, all gravity-capillary waves may be regarded as deep-water phenomena, figure 2 shows that the critical wavenumbers decrease (increase) as the shear increases for waves propagating downstream (upstream). Thus for sufficiently large positive values of Ω, it is expected that the series expansion to any order becomes regular for ripples (0.06 ≤ κ ≤ 16) and capillary waves (κ ≥ 16), which constrasts with the case of waves propagating upstream.
As with irrotational waves (Ω = 0), the critical wavenumbers decrease rapidly as the depth decreases, and in fact there are no singularities for depths lower than a critical value, which is found to be weakly dependent on the value of the background vorticity. For k mh slightly greater than this particular water depth, figure 2 shows that for waves propagating upstream the number of resonances may double, with the occurrence of additional critical wavenumbers with κ 1 (gravity waves). For these critical wavelengths, however, it should be realized that the dimensionless depth μ = κ 1/2 k mh 1, for which the Stokes perturbation series are not valid.
Numerical results and discussion
In this section, we analyse the accuracy of the above third-order solution by comparing few analytical predictions with exact numerical results. Benchmark numerical results have been obtained in two separate cases, pure gravity waves (κ = 0) on a linear shear current and irrotational gravity-capillary waves (Ω = 0), both on water of arbitrary finite depth. These numerical solutions have been obtained from two different numerical methods. The first one, which is based on the stream function formulation of the problem and truncated Fourier series to represent the solutions [40] , is a direct method and it enables to compute relatively easily finite amplitude gravity waves with constant vorticity for a broad range of the governing parameters.
In general, the computation of limiting waves is a very difficult problem and, in fact, our numerical method for gravity waves on a linear shear did not converge for waves with amplitude slightly lower than the limiting values. These limiting values are uniquely characterized by the dimensionless depth μ and vorticity Ω. With the second method developed by Debiane et al. [41] for calculations of irrotational finite amplitude gravity-capillary waves on finite depth, we can obtain accurate solutions for almost all the permissible values of the relevant parameters. Although vorticity is not included, this inverse method does not suffer from the Wilton's failures, and is valid for all depths. The results presented in §4b, when Ω = 0, then serve as a check on the analytical theory for various values of ε, κ and μ.
Before discussing our results, it should be emphasized that, for strongly nonlinear waves, there exist very few exact methods for the computation of steady, periodic, capillary-gravity waves on a linear shear flow. The earlier method, which requires to solve a boundary integral equation, was introduced in Kang & Vanden-Broeck [31] for the calculation of steady gravitycapillary waves with constant vorticity. Two other methods have been formulated very recently. The first method was introduced in Ashton & Fokas [42] , and is based on the reformulation of the original boundary value problem as a single integro-differential equation, which they call the global relation. We are not aware of any computations carried out with the latter approach. The second method was proposed by Guo et al. [34] for the computation of capillary-gravity solitary waves, and is an extension of the method introduced by Choi [28] for pure gravity waves on a background linear shear.
We recall here that, in general, the solution of the steady wave problem, when it exists, can be specified with four dimensionless parameters μ, ε, Ω and κ. Obviously, it is not an easy task to provide a complete analysis taking into account the effects of all parameters. Furthermore, when κ = 0, the problem is made more complicated by the existence of the multiple solutions resulting from the interaction between two modes. Owing to this difficulty and in order to focus on vorticity effects, as well as nonlinear waves-current interactions, the dimensionless shear parameter Ω and the steepness ε are varied over their admissible range, with the other parameters μ and κ taken as constant parameters of families of periodic water waves.
(a) Gravity waves
First, we consider the effects of vorticity on the nonlinear dependence of the phase velocity, as this parameter has traditionally been used as the first basis for comparison between wave theories. The value of μ = 2 may be convenient to analyse this effect. Figure 3 clearly shows the strong influence of vorticity on the phase velocities and also on the limiting steepness ε max . As with irrotational waves, the phase velocities increase with steepness except near the limiting waves. As it can be seen, a very good agreement is obtained between the analytical results and those of Francius & Kharif [40] , far beyond the weakly nonlinear regime except for the very steep waves. In figure 3 , the analytical solutions are plotted over the largest range of steepness that could be considered with the present numerical method for the gravity waves on a linear shear current. As is well known with Fourier approximation methods, the numerical difficulties increase when the steepness of the finite amplitude wave approaches the limiting steepness for given values of μ and Ω. The situation gets worse either as the dimensionless depth decreases or the shear value increases (especially when Ω > 0), while keeping constant the other dimensionless parameters. However, figure 3 shows that the numerical solutions with μ = 2 reveal the first relative maximum of phase velocity in the regions which borders the limiting waves, for all considered Ω values but Ω = −0.9. The third-order solution is not able to describe these strongly nonlinear region, which is unsurprising. As indications for μ = 2, few values of the limiting steepness, which have been extracted from Fig. 17 in Teles da Silva & Peregrine [25] , are reported in table 1 for various values of Ω.
It should be noted that although the relative errors on C are usually very small over a broad range of wave steepness, the errors in the field variables can be much larger, as shown for instance, in figures 4 and 5 with the surface elevation H, when Ω = −0.5 and 0.9, respectively. In both figures, the reported solutions, which are offset vertically for clarity, correspond roughly to 30%, 50% and 90% of the limiting steepness. Not surprisingly, the largest errors are observed for the steepest waves. For moderate steepness, these errors are larger for the waves propagating downstream (Ω > 0) than for the waves propagating upstream (Ω < 0). As is well known for the case of waves propagating downstream (negative vorticity), the asymptotic series for H (and all other quantities) becomes disordered if the shear strength Ω is too large, in the sense that the perturbation series for the solution are no longer asymptotic.
Further confirmation of the analytical results is provided by comparison of the amplitudes of the first three Fourier coefficients of the surface elevation,Ĥ j with j = 1, 2, 3. With the weakly nonlinear theory, these quantities are given asĤ 1 = |a 1 + ε 3 a 31 |,Ĥ 2 = |ε 2 a 2 | andĤ 3 = |ε 3 a 33 |. Figure 6 shows their dependence on vorticity for μ = 2 and ε = 0.05. As in figure 3 , solid lines represent the benchmark numerical results. The agreement between the two results is remarkably very good, in particular when Ω < 0 corresponding to waves propagating upstream. As it can be seen, the analytical prediction of cancellation ofĤ 2 for a specific value of the shear is demonstrated numerically. Figure 6 shows that this also occurs for the third Fourier coefficient H 3 , but for a different negative value of Ω. By contrast, for waves propagating upstream on strongly sheared currents, the differences between the two results increase as the shear become larger. For the family of solutions shown here, namely with μ = 2 and ε = 0.05, the errors becomes notable when Ω ≥ 1. In this case, it should be realized that although the wave steepness is rather small, the effects of vorticity on the wave characteristics are strong and the solutions with Ω ≥ 1 are rather steep waves. It is noted here that although we have reported the dependency on vorticity of only three Fourier modes in figure 6 , the exact solutions are computed numerically with 16 modes. We can also note that those results are corroborated in Constantin et al. [43] , where an alternative numerical method has been used.
(b) Gravity-capillary waves
First we consider irrotational gravity-capillary waves (Ω = 0, κ = 0) and compare the analytical solutions with benchmark results obtained with the numerical method developed by Debiane et al. [41] for waves on arbitrary depth. For this, we take μ = 10 and four different values of κ = 1, 0.8, 0.58 and 0.42 The computations with κ = 1 and 0.8 serve to verify the accuracy of the analytical solution for waves, where the effects of gravity and surface tension are, approximately, of equal importance, whereas the results with κ = 0.58 and 0.42 are used to examine the behaviour of the weakly nonlinear solutions near the critical wavenumbers. Figure 7 shows the comparison for the dependence of the phase velocity on wave steepness. The results for κ = 1, 0.8 and 0.58 show that the computed waves are more capillary-like waves, as evidenced by the monotonic decrease in the phase speed with increasing steepness. For the waves with κ = 1 and 0.8, the present analytical solutions predict very well the phase speed variations over the range of wave steepness shown here. This is in contrast with the results for the waves with κ = 0.58 and 0.42. It is noted that 0.42 is approximately half-way between the first two singular capillary wavenumbers κ 1 ≈ 1 2 and κ 2 ≈ 1 3 . As expected, for waves with κ near the first two critical wavenumbers, it is seen that the third-order solution is only accurate for small wave steepness, say ≤ 0.05, as far as the predictions of C are concerned. For the waves with κ = 0.42 the third-order results predict a monotonic increase in the phase speed with , while the numerical solutions show an increase for small but then a maximum and a decrease for larger steepness. This figure illustrates the accuracy of the analytical solutions, shown with dashed lines, for predictions of the surface elevations. Again we observe that small errors on wave speed C for large steepness do not guarantee accurate predictions of the surface elevations. Actually, with κ = 1, our computations reveal that the third-order analytical solution does a fairly good job in predicting the amplitudes of the first three Fourier coefficients of the surface elevation, provided the steepness is not too large, namely ≤ 0.2 for the depth considered here. Figure 9 shows the surface profiles for the waves near critical wavenumbers, namely with κ = 0.58 and κ = 0.42, and ε = 0.025, 0.05 and 0.10. For waves with κ = 0.58, the troughs tend to sharpen as the steepness increases, while the crests tend to flatten. A similar trend is observed with κ = 0.42, but a local maximum appears in the trough. For the steepest waves shown here, ε = 0.10, the third-order solutions are poor approximations of the numerical solutions. It is noted, however, that the presence of secondary crest and trough with κ = 0.42 is qualitatively reproduced by the analytical solutions. Actually the steepest waves in figure 9b display very similar profiles to the family of solutions called type 2 waves [44] , characterized by a secondary maximum on the surface profile with a trough between the two maxima. Figures 8 and 9a exhibit only waves similar to type 1 waves.
To illustrate the effects of vorticity on the waves when gravity and surface tension effects are considered for several values of κ in finite depth and deep water, we first show the variation of the wave phase velocity given by (3.32) on the parameters (kh, Ω, κ). Figure 10a ,c shows the effect of vorticity on the linear phase velocity and figure 10b,d shows the effect of the nonlinearity on the phase velocity. The velocity is decreasing with Ω increasing, and increasing κ increases the phase velocity. This is expected as well as the fact that the velocity is lower in shallower water. The phase velocity correction C 2 is plotted in relation to C 0 to show the influence of the nonlinear correction. The values have been chosen to be far away from the Wilton singularities.
Then, we use the third-order solution presented in this work with μ = 10 and two values of ε = 0.10 and 0.20. Figures 11 and 12 show the effect of the shear on the profiles computed at κ = 1 and κ = 0.8 for different negative values of the shear parameter Ω (upstream propagating waves). The results with Ω > 0 are not shown here, as the influence of vorticity is found to be insignificant on the wave profiles for the steepness considered here.
For waves with κ = 1, figure 11a illustrates the influence of vorticity on the surface elevations of waves with ε = 0. irrotational wave profile. However, for Ω = −0.9, it is found that the troughs are flattened and the crests are risen. For this wave, it should be realized that κ < κ 1 , in contrast with the two other waves shown in figure 11a . In figure 11b , ε = 0.20, we can see that the waves with Ω = −0.2 and −0.5 are of type 1-like, while the wave with Ω = −0.9 is rather of type 2-like. The results for κ = 0.8 are reported in figure 12a,b. It appears that the waves with Ω = −0.2 are of type 1, while the other waves with vorticity are rather of type 2. Although this might not be seen immediately in figure 12a when Ω = −0.9, increasing the nonlinearity makes it clear, as shown in figure 12b.
Conclusion
We have derived the third-order asymptotic solution for gravity-capillary waves advancing over a shear current with constant vorticity. The analytical nonlinear solutions extend the previous linear solution in . When both vorticity and surface tension vanish, the classical third-order Stokes solution for pure gravity wave is retrieved [39] . Different surface profiles of capillary-gravity waves are reported and the effect of vorticity is discussed. As expected, this third-order solution is found to be unbounded for two critical capillary wavenumbers, which are strongly affected by the presence of vorticity. Far from these singular cases, the analytical results are checked against exact numerical results, which gives some information on the robustness of these approximations, when either vorticity or surface tension vanishes. The presented results on the waves profiles of capillary-gravity indicate that varying the vorticity strongly affects the characteristics of the waves, in particular in the case of waves propagating downstream (negative vorticity).
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